All tracer-kinetic models currently employed with positron-emission tomography (PET) are based on compartmental assumptions. Our first indication that a compartmental model might suffer from severe limita tions in certain circumstances when used with PET oc curred when we implemented the Kety tissue-autoradiog raphy technique for measuring CBF and observed that the resulting CBF estimates, rather than remaining con stant (to within predictable statistical uncertainty) as ex pected, fe ll with increasing scan duration T when T > 1 min . After ruling out other explanations, we concluded that a one-compartment model does not possess suffi cient realism for adequately describing the movement of labeled water in brain. This article recounts our search for more realistic substitute models. We give our deriva tions and results for the residue-detection impulse re sponses for unit capillary-tissue systems of our two can didate distributed-parameter models. In a sequence of trials beginning with the simplest, we tested fo ur progres-
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The measurement of CBF is important not only because of the information it provides about the normal and diseased brain, but also because it is essential to other important measurements (e.g. , rate of oxygen consumption). Tr acer-kinetic models are employed with external radiation-detection de vices to interpret dynamic imaging data in terms of the movements of radiolabeled water (H 2 1 50) or other diffusible tracer (e.g. , [ 1 8F] fluoromethane) for the purpose of inferring CBF. The tracer-kinetic model currently employed with positron-emission tomography (PET) for this purpose is based on sively more detailed candidate models against data fr om appropriate residue-detection experiments. In these, we generated high-temporal-resolution counting-rate data re flecting the history of radiolabeled-water uptake and washout in the brains of rhesus monkeys. We describe our treatment of the data to yield model-independent em pirical values of CBF and of other parameters. By substi tuting these into our trial-model fu nctions , we were able to make direct comparisons of the model predictions with the experimental dynamic counting-rate histories, con firming that our reservations concerning the one-com partment model were well founded and obliging us to re ject two others . We conclude that a two-barrier distrib uted-parameter model has the potential of serving as a substitute for the Kety model in PET measurements of CBF in patients, especially when scan durations for T> 1 min are desired. Key Words: Cerebral blood flow-Dis tributed-parameter models-Po sitron-emission tomog raphy-Tissue heterogeneity-Tr acer kinetics. compartmental assumptions; that is , tracer is as sumed to move between discrete subvolumes, or "compartments," within each of which tracer is assumed to distribute instantaneously upon arrival. Thus, in a compartmental model, gradients of con centration are assumed to be zero (i.e. , their spatial profiles flat) within each compartment at all times. The compartmental model used currently for CBF with PET is visualized as consisting, in effect, of a collection of compartments each comprising a cap illary together with the tissue supplied by it. That such an idealization is unrealistic for transport of water in brain can be seen by the following simple considerations. The mean vascular-transit time in brain is � 3 s, and since capillary-blood volume is � 10% of total blood volume, the mean capillary transit time is tl = 0.3 s. The length of a brain capil lary is L = 300 fLm = 0.03 cm (Auen et aI. , 1979) ; and if as an upper limit for the diffusivity of water in blood we use the self-diffusion coefficient of water at 37°C, D = 3.7 X 10-5 cm 2 S-I (House, 1974) , then the characteristic lengthwise-diffusion time for the capillary, tD � U/D, is at least =24 s. The ratio tD/tl of these two times, the Peelet number (Lassen and Perl, 1979) , is =80, indicating that convective transport overwhelmingly domi nates longitudinal diffusive transport-the very op posite of the compartmental assumption. A Peclet number of this magnitude or greater would seem to cast doubt on the validity of the compartmental in stantaneous-dispersion assumption for CBF studies using radiolabeled water as a tracer. Our first indi cation that the compartmental model currently used with PET for this purpose might suffer from severe limitations under certain circumstances occurred when we implemented the Kety tissue autoradio graphic technique for the measurement of local CBF (1951) and observed that CBF was progres sively underestimated if data collection was ex tended much beyond the 1 min originally pre scribed (Kety, 1951; Raichle et aI. , 1983) . Investiga tion of this observation, which we call here the "Falling-Flow Phenomenon," has led us to con clude that this simple one-compartment model, at present used universally for measuring CBF with PET, does not adequately describe the movement of labeled water in brain.
The motivation for this study, then, is to identify plausible tracer-kinetic model(s) for improved methods of measuring CBF in patients using PET and other externally placed radiation-detection de vices. To test candidate models, we performed ex periments to generate dynamic high-temporal-reso lution radiotracer data that carry information, albeit indirect, about how this transport actually does occur. The data, obtained in vivo, are counting-rate records reflecting the uptake and washout histories of radiolabeled water in the brains of rhesus monkeys. We analyzed our experimental counting rate data by techniques of ours not depending on any model of tracer transport (Ter-Pogossian et aI. , 1969 ; Raichle et aI. , 1975) to yield empirical values of CBF , the extracted fraction of labeled water, and the blood-brain barrier (BBB) permeability-sur face-area product. We then compared the observed counting-rate records from these experiments with the predictions of four different tracer-kinetic models whose parameters were set equal to the corresponding independently measured empirical values. Because we devised, evaluated, and, when necessary, rejected each model beginning with the simplest before going on to the next most complex, the models form a progression of increasing archi tectural and functional detail. The four models we J Cereb Blood Flow Metab, Vol. 7, No. 4, 1987 investigated are (I) a quasi one compartment (i.e. , the Kety) , (II) a two compartment, (III) a one-bar rier distributed parameter, and (IV) a modified two barrier distributed parameter. The distributed-pa rameter models take into account the presence and influence on mass transport of nonzero gradients of tracer concentration. Our results clearly indicate the superiority of model IV , the modified two-bar rier distributed parameter, over the others and ex plain the inadequacy of the one-compartment model evident in the Falling-Flow Phenomenon.
In this article, we quote the forms of the residue functions of the unit capillary-tissue systems for our four trial tracer-kinetic models. Because no re sult for an analytical form of any distributed-param eter residue function appears to have been pub lished previously, we present derivations and re sults for the two we have investigated. We include discussion of the three rejected models because of the insights for model building their behaviors pro vide into the interplay between modeling assump tions, architecture, and performance. We describe our experimental procedure for obtaining in vivo counting-rate data reflecting the clearance of radio labeled water from rhesus-monkey brain. We also describe our methods of treating these data to ob tain the model-independent empirical estimates of CBF , labeled-water extraction, and permeability surface-area product that we use in our trial models to allow direct comparison of their predictions with the data. We show that there are pronounced dif ferences in the quality of fit to the data among the four models, and that of these, only model IV , the modified two-barrier distributed parameter, is suc cessful in representing the experiments. We discuss our reasons for concluding that although the one compartment model is the one universally em ployed at present for measurement of CBF with PET, it is in reality unsuitable for that application in certain circumstances, and conclude that the modi fied two-barrier distributed-parameter model has the potential of serving as a successful substitute.
MATHEMATICAL MODELS
In this section, we quote the forms of the unit impulse residue-response functions of four different capillary-tissue tracer-exchange models that we have used as candidates for interpreting our res idue-detection data for the movement of radiola beled water in the brain. Two of the models are of the lumped-parameter, or compartmental, class, and two are of the distributed-parameter class. The two compartmental trial models are well known, and we do not trace their origins here nor do we provide derivations of their residue functions. The first of the two distributed-parameter models incor porates a single permeability barrier between the blood and tissue spaces. This model has been in vestigated extensively for tracer-outflow applica tions, viz. , by Sangren and Sheppard (1953), Shep pard (1962) , Goresky et al. (1970) , Levitt (1970a,b) , Ziegler and Goresky (1971) , Weinstein and Dudu kovic (1975) , and Rose and Goresky (1976) , all of whom have derived its outflow function. [In "out flow" studies, tracer-concentration history is moni tored in the venous effluent of an organ; in "res idue-detection" studies, by contrast, radiotracer content history of an organ or subvolume (voxel) of an organ is monitored by externally placed radia tion detectors.] Models that are identical mathe matically with the above-cited physiological models (all of which, in turn, are mathematically equivalent to one another) have been employed previously in a wide variety of nonphysiological applications, viz. , by Anzelius (1926), Schumann (1929 ), Furnas (1930 , Thomas (1944 Thomas ( , 1948 Thomas ( , 1949 , Brinkley (1947) , Hiester and Vermeulen (1952), and Goldstein (1953) . Worth noting is the publication chronology of the above citations: Closed-form solutions of the partial differential equations for the one-barrier dis tributed-parameter model had already been avail able in the nonphysiological literature for over a quarter of a century before the first appearance of a physiologically oriented application in 1953. A dis tributed-parameter model similar but not mathe matically identical to that of the above authors was used by Raichle and Larson (1981) to analyze their steady-state residue-detection data for uptake and retention of radiolabeled ammonia in brain. Bas singthwaighte et al. (1970) , Bassingthwaighte (1974) , and Weinstein and Dudukovic (1975) devel oped more general versions of the one-barrier model that take into account spatially varying capil lary permeability and finite tracer diffusivities in the blood and tissue spaces. The second distrib uted-parameter model we consider incorporates an additional outer permeability barrier (which, how ever, for our present application we conceive as being only virtual) exterior to and completely sur rounding the inner barrier. This model, too, has been used in tracer-outflow studies, viz. , by Gor esky et al. (1973a,b) , Rose et al. (1977 ) , and Cosineau et al. (1980 . The models we consider here, insofar as they have been defined mathematically in terms of their assumptions concerning mass transport, have all been discussed previously in connection with both the physiological and the nonphysiological studies carried out by the above-cited authors. To the best of our knowledge, however, this report is the first to present derivations of analytical forms of the res idue functions of distributed-parameter models ap propriate for analyzing dynamic data obtained by external detection of tracer radioactivity. Our deri vations of the residue functions of the two distrib uted-parameter models, which differ necessarily from previously published derivations appropriate for outflow-detection experiments, are straightfor ward, and our results are cast in compact forms that we hope will make them generally comprehen sible and computationally useful. We give conve nient solutions of our mass-conservation equations in terms of known functions, rather than in terms of infinite-series expansions as in some of the above cited model implementations. For one of our single-capillary distributed-parameter models, we have found closed-form expressions that make it possible to evaluate its unit-impulse residue func tion without numerical integrations. The succinct forms in which all our model residue functions are cast have made them easy for us to implement computationally in our laboratory through use of tested and documented digital-computer programs (Anonymous, 1968 (Anonymous, , 1982 . We have elected to em ploy analytical rather than numerical methods for solving our differential equations, thus avoiding completely the uncertainties attendant on finite-dif ference procedures that can arise from the trouble some problem of error propagation in stepwise in tegration processes.
For each model we define a unit flow system comprising a single capillary together with the tissue supplied by it. We assume that there is no net tracer exchange between adjacent unit flow systems and that carriage by flowing blood is the sole mechanism by which tracer can enter and leave a system. Since we are concerned only with the movement of water in brain, it is appropriate to assume also that there is no irreversible sequestra tion of tracer within any of the spaces of a flow unit. In using these models for the analysis of our global dynamic radiotracer data, we neglect the ef fects of tissue heterogeneity: We apply each of the four residue functions unchanged from the forms given below for single flow units.
In the following, we give the mathematical re sults for the four models in terms of their unit-im pulse residue functions, q;(t), i = I, II, III, and IV.
These functions represent the residual amount of radiotracer in a flow unit present at time t relative to the total amount administered as a bolus at time t = O. The residue functions for the compartmental models I and II have been previously derived; those for the distributed-parameter models III and IV were derived by us in this study. While we have striven for brevity in our mathematical derivations, we have taken pains to provide detailed statements of the assumptions on which our models are based. Not restated in the sequel are the above general as sumptions, or the assumptions of linearity and sta tionarity for tracer-kinetics studies (Perl, 1971) , or the assumption of spatially uniform efficiency for external detection of tracer radioactivity.
Compartmental models
I. Quasi one-compartment model. Our designa tion for this model is motivated by the fact that al though we assume the unit capillary-tissue system comprises a blood compartment and an arbitrary number of tissue compartments, its impulse re sponse takes the form of the single decaying-expo nential function of time characteristic of a one compartment flow system. This is because all diffu sive resistances to transport of tracer are assumed to be zero, so that tracer movements are flow lim ited and tracer efflux rate is jointly proportional at all times to flow and to total tracer content. The unit-impulse residue-response function is, accord ingly,
where the V i are n distinct compartments and the A i are the n corresponding tissue-to-blood partition coefficients. Kety (1951) derived 1 for n = 2, the special case of a blood compartment exchanging an inert tracer with a single tissue compartment. For this purpose, he applied conservation of tracer mass to the com posite blood-tissue system and invoked the as sumption of Zuntz (1897) that equilibrium of tracer between venous blood and tissue prevails at all times. He expressed this condition (in terms of our present notation) as C2(t) = A2CI(t), where the c;(t)
is radiotracer concentration in compartment i at time t and A2 is the time-independent tissue-to blood partition coefficient. Zuntz' s assumption is, of course, equivalent to postulating a vanishingly small diffusion resistance to exchange of tracer, so that Kety's modeling assumptions lead necessarily to a monoexponential impUlse response of the form 1 with n = 2. At the present time, I with n = 2 represents the model used universally for inter preting PET data in the measurement of CBF.
II. Two-compartment model. The two-compart ment model has been employed extensively in bio medical applications (Jacquez, 1972; Godfrey, J Cereb Blood Flow Me tab, Vol. 7, No. 4, 1987 1983). Since it is so well known, we omit derivation of its unit-impulse residue function. Details are given by Jacquez (1972) , Godfrey (1983) , and Tilton et al. (1983) . The analytical form is
The modal parameters in the above residue func tion of model II are defined in terms of its physio logical parameters by Tilton et al. (1983) ; these are identical with the physiological parameters of our model III, q. v.
Mathematical results for distributed-parameter models
The models described in the next two parts of this section are termed "distributed parameter, " in contradistinction to compartmental, because in dis tributed-parameter models some of the diffusive re sistances to mass transport of tracer are specified as being spatially continuous and as acting at every point of some volume within which there is diffu sive transport. This is in marked contrast to com partmental models, in which resistances are as sumed either to be entirely absent (except at the boundaries of the system, which are assumed to be impermeable) or to be lumped, that is, localized spatially, e. g. , in the BBB.
An important consequence of the assumptions that distinguish distributed-parameter from com partmental models is that in the former nonzero spatial gradients of concentration can arise, while in the latter all gradients are zero. (In both cases, concentration discontinuities can exist across semi permeable barriers such as the BBB.) As a result, distributed-parameter-model concentrations are functions of time and at least one spatial coordi nate, while compartmental-model concentrations are functions of time only. A further consequence of the assumptions for the two classes of models is that the tracer-mass conservation conditions for distributed-parameter models give rise to systems of partial differential equations in their mathemat ica formulation, while those for compartmental models are expressible as systems of ordinary dif ferential equations. Although tracer concentrations in our distributed-parameter models are functions of both position and time, all the parameters are as sumed to be both position-and time-invariant.
In the two capillary-tissue models whose unit-im pulse residue responses we derive below, we retain the concept of the lumped diffusive barriers that characterize compartmental models. We also retain the assumption of impermeable system boundaries. However, we now assume zero diffusive resistance only in the radial direction (normal to the direction of blood flow) . In the axial direction (parallel to the direction of blood flow) , we assume a diffusive re sistance that is spatially distributed and that acts at every interior point. Moreover, and in sharp con trast with the compartmental case, we assume the diffusive resistance acting in the axial direction to be infinite in magnitude at every interior point. Therefore, our distributed-parameter models are in reality hybrids because they are based on a combi nation of compartmental-and distributed-param eter-model assumptions: In the radial direction they are compartmental, while in the axial direction they are distributed parameter. (We use the adjectives "radial" and "axial" only for convenience without necessarily implying cylindrical geometry for any of our capillary models.) Thus, diffusion is assumed to be infinitely rapid in the radial direction in both the blood and the tissue spaces, so that all radial gradients are zero. An implication of this assump tion for the present application is that we consider blood to be a homogeneous fluid; i.e. , we assume that red cells do not hinder movement of tracer. For radiolabeled water, this assumption is justified by experimental observations on tracer-exchange rates across red-cell membranes (Paganelli and Sol omon, 1957) . In the axial direction, transport by diffusion does not occur at all in either the blood or the tissue spaces. However, tracer transport does occur by carriage in flowing blood, and nonzero axial concentration gradients do arise in both blood and tissue because of the progressive depletion of tracer in blood as the bolus is carried along the cap illary, followed by back-diffusion of tracer from tissue into blood after passage of the bolus. The ra tionale for adopting these assumptions for the dis tributed-parameter models is that the length of a typical mammalian brain capillary is much greater than the width of the tissue volume it supplies; ac cordingly, the path length for diffusion in the radial direction is much shorter than that in the axial di rection, so that the diffusive equilibrium implied by the compartmental assumption for the radial direc tion may be not implausible for a tracer such as ra diolabeled water in brain. On the other hand, ap proach to compartment-like equilibrium in the axial direction can reasonably be expected to take very much longer than the capillary-blood mean-transit time; see the introductory section concerning the implications of the large magnitude computed there for the relevant Peelet number (Lassen and Perl, 1979) .
III. One-barrier distributed-parameter model.
Our unit capillary-tissue model comprises a blood space of volume V I and a tissue space of volume V 2 , each of common length L measured parallel to the direction of blood flow (see Fig. 1 for i = 1,2). Each space has a nominal cross-sectional area, Ai = V/L, i = 1,2, measured in a plane normal to the direction of blood flow. The two spaces are sepa rated by a semipermeable barrier of zero thickness that is meant to emulate the BBB. This barrier is characterized by two time-and space-invariant pa rameters: a permeability coefficient P and a surface area S. We assume the radial diffusion of water in brain to be isotropic, so that the value of P is the same for both outward and inward movement of tracer. Blood moves in V I by plug flow at a volu metric rate F and with a speed v = FIAt. Tracer in blood at concentration C I and in tissue at concen tration C 2 can diffuse across the barrier with a time and position-dependent flux per unit surface area whose radial direction and magnitude are deter mined by the product of P and the instantaneous FIG. 1. Architecture of the capillary-tissue units of the dis tributed-paramete r models. Both models comprise a blood space V 1 and a surrounding tissue space V2 of common length L measured alo ng the z-axis in the directio n of capil lary blood flow F. The two spaces are separated by a semi permeable membrane rep resenting the blood -brai n barrie r (BBB). This is characterized by two parameters: a perme ability coefficient P and a surface area S 1 ' The two-barrier model incorporates an additio nal tissue space of axial le ngth L and volume Va surrounding V2. Inert tracer movements are represented by arrows. The movements occur unidirectio n ally in the z-directio n by carriage in blood and bidirectio nally in the r-directio n by passive diffusion ac ross the BBB and through the tissue space(s). No axial diffusion takes place in either model. In the two-barrie r case, diffusive exchange also occurs radially between the two tissue spaces V2 and Va but is not limited by any localized diffusion barrier. Instead , it is determined by a radially distributed resistance characterized by a diffusivity D acting over an effective distance R across a virtual surface S2 exte rio r to S 1 ' We view the magnitude of these radial fluxes as being dete rmined by the value of a pa ramete r group <P � (DS:!R), which we call the "tissue con ductance." Tracer concentratio ns at time t and at axial posi tio n z are denoted as ci(z,t), i = 1,2 or i = 1,2 ,3. Requirement of tracer conservatio n in the volume elements A/dz leads to systems of partial differential equations whose solutio ns give the concentratio ns as functions of position and time. Integ ratio n of these over their respective spaces Vi yields the history of tracer content in each space, and sum matio n of the contents yields the residue functio n for the capillary tissue unit. (See Mathem atical Models.) Our use of the te rms "axial" and "radial " is not meant necessarily to imply cylin drical geometry for the models. local difference in tracer thermodynamic activity existing across the barrier.
We point out that the number (six) and identity of the physiological parameters of model III are the same as those of model II, viz. , F , V I ' V 2 , (PS), 'YI' and 'Y 2 ' Thus, our distributed-parameter model, while no more complex architecturally than its compartmental counterpart, can represent the ac tual mass-transport mechanisms more realistically because it does not assume instantaneous diffusive dispersion of tracer in the direction of blood flow.
To obtain the model residue-function unit-im pulse response, we write tracer-mass conservation equations based on the above-stated assumptions in terms of the time-and position-invariant param eters and the time-and position-dependent tracer concentrations. For these, distance in the axial di rection, denoted as z, is measured from the arterial end, so that the planes z = ° and z = L represent the system boundaries at the arterial inflow and venous outflow ends, respectively. Similarly, time elapsed from administration of a unit-quantity bolus at the arterial inflow is denoted by t, just as for the compartmental models. Adjacent volume elements Aldz and A2dz in the blood and tissue spaces, re spectively, are separated by the element of barrier surface dS = (dzIL)S. For these two volume ele ments, conservation of tracer mass is expressed for ° < z � Land t > ° by the system of simultaneous partial differential equations:
These are subject to the initial and boundary condi tions and clz, t = 0) = 0, i = 1,2 (4a)
The regions of definition for the solution of 3 and 4 are
In 3-4 and in the sequel we employ the notation C i Note that we have written the driving force for permeation of tracer in 3 in terms of thermody namic-activity differences, rather than in terms of concentration differences. For this reason, we have introduced the thermodynamic-activity coefficients 'Y I and 'Yz. This point has important implications in connection with Zierler's theorem (1965) and the Central Volume Principle (Stephenson, 1948 (Stephenson, , 1958 Meier and Zierler, 1954; Zierler, 1963 ; Roberts et ai ., 1973 ; Tilton et ai ., 1983) . In particular, through applying Zierler's theorem (1965) to the model res idue functions described in this article, we have ob tained the evaluations Ai = 'Yhi' i = 1,2, ... , n, for the partition coefficients Ai in terms of the ther modynamic-activity coefficients of the tracer or of the systemic traced substance (in this article, sys temic water) . If concentration rather than thermo dynamic activity is assumed to be the driving force for passive diffusion, as it is in the tracer-kinetic models (whether compartmental or distributed pa rameter) of most of the authors we cite, and if the activity coefficients are omitted (or even if they are arbitrarily merely set equal) , then the model distri bution volume, and therefore its mean-transit time, will both be incorrect.
The excitation function for the system 3, ?:>y{t+ O)?:>z(z + 0), represents an idealized unit-quantity bolus considered to be released, just as in the case of the foregoing compartmental models, immedi ately after the instant t = 0, at and before which the quantity of tracer in each space is zero. For the dis tributed-parameter models, however, we have in cluded as a part of the excitation function a spa tially localized unit-mass source, ?:>z(z + 0). [The dimensions of the two idealized impulse ("Dirac delta" ) functions, ?:>y{.) and ?:>z('), are reciprocal time and reciprocal length, respectively.] The source plane z = 0+ is perpendicular to the direction of blood flow and is situated just downstream of the plane z = 0, on which tracer concentration in blood is zero before, during, and after tracer delivery. The unit amount of tracer is considered to be uniformly distributed on the source plane.
For notational convenience, we rewrite 3 in the form
with time-and space-invariant parameters K ij de fined by
and
We write parentheses around the parameter group PS to indicate that in our derived residue function the individual parameters do not occur singly, but instead occur together as a product. It is of interest to compare the above conserva tion conditions with their compartmental analogs.
The presence of the term involving c l z � (alaz)c;C z,t) in Sa clearly exhibits the fundamental difference between distributed-parameter and com partmental models.
The unit-capillary residue function for the one barrier distributed-parameter model can be com puted from the solution of 5 in terms of the appro priate volume integrals in the form
We can obtain qm(t) with considerable economy of computational effort and notational brevity using two-dimensional Laplace transformations with re spect to the variables z and t to solve 5 for the two concentrations needed in 8 . For this, we use the fol lowing notation for the transforms: 
to denote the corresponding inverse Laplace trans formations. The indicated exchange of the order of the integrations in 11 is valid for continuous func tions of z and t; we assume that the c;(z,t) are, in fact, continuous within their respective ranges of definition. By applying 9, 10, and 11 to 4 and 5, we get the following simultaneous algebraic system in volving the two-dimensional transforms of the con centrations:
with v = FIA I the capillary blood-flow speed and with the kij given by kij = K jA}, i = 1,2 , j = 1,2, i�j.
To avoid the necessity of deriving our model res idue function by the intermediate step of first ob taining the probability-density function of transit times, i.e., the outflow function (which in any case we do not need for our residue-detection applica tions) , and then integrating the latter with respect to time, we use instead the following more direct procedure: We compute the transforms of the volume integrals in 8 in one step merely by dividing the transforms C i(P,S), i = 1,2, by the transform variable p. To obtain the residue function, we then need only take the inverse transforms according to
Putting 12 into 14, we get
and on performing the indicated inverse transfor mation with respect to z, we obtain from 15
To obtain qm(t), we perform the inverse transfor mation indicated in 16 as follows: Using 13 we first expand the exponent in 16 to give
-kOI FV 2
Thus, by 17-20, 16 can be written as
From published tables of Laplace-transform pairs (e.g., Roberts and Kaufman, 1966; Oberhettinger and Badii, 1973) , we find
In the above, /1(') is the first-order modified, or hy perbolic, Bessel function of the first kind (Hilde brand, 1962) . The inverse transform of the last ex ponential factor in 21 is, accordingly, To obtain the above, we applied the shifting theorem of Laplace-transform theory (LePage, 1961) and the fact that the inverse transform of unity is the unit-impulse (Dirac-delta) function. The rightmost S -I factor in 21 corresponds in the time domain to an integration on (O,t), and the factor exp ( -t i S) corresponds to a time delay of tl units. Thus, we have the inversion
where u(t) is a unit-step function, which we de fine by
Putting the above inverse transform into 21, we ob tain the unit-impUlse residue function for a capil lary-tissue unit of our one-barrier distributed-pa rameter model in the compact form By a change in variable, 23a can also be ex pressed as
While the above forms are conveniently com pact, they are not closed, since each calls for a nu merical integration. They can be expressed in closed forms in terms of the J function (Hiester and Vermeulen, 1952; Goldstein, 1953; Carslaw and Jaeger, 1959; Luke, 1962) and of the F function (Wilson, 1951; Luke, 1962) , both of which appear in a wide variety of diverse applications (Anzelius, 1926; Schumann, 1929 ; Furnas, 1930; Thomas, 1944 Thomas, , (22) 1948 Thomas, , 1949 Brinkley, 1947 ; Brinkley and Brinkley, 1947 ; Goldstein, 1953 ). An integration of 23a by parts yields
where 10(') is the zeroth-order modified, or hyper bolic, Bessel function of the first kind (Hildebrand, 1962) . The J function is defined (Hiester and Ver meulen, 1952; Goldstein, 1953; Luke, 1962) as
)dr
A function related to the J function is the F func tion, defined (Wilson, 1951) as v1T/3 2 F( /3 , p) � 2e-p 2 f re-r 2 /0(2pr)dr
In terms of the F function, we have
Note that 23c,d require no numerical integrations for evaluating qm(t). In place of these, asymptotic expansion formulas for J(w,y) given by Goldstein (1953), Hastings and Wong (1953) , and Luke (l9�2), together with readily available means for evaluatmg the other functions in 23c, can be used to compute q (t) more directly than is possible using 23a,b.
Additionally, tables of J(w,y) [described by Brinkley and Brinkley (1947) and by Brinkley et al. (1952) ] or tables of F(I3,p) (Wilson, 1951 ; Anony mous, 1953) are available for hand calculation if de sired.
IV. Two-barrier distributed-parameter model.
The capillary-tissue unit for our two-barrier distrib uted-parameter model, shown in Fig. 1 , is the same as that for our one-barrier distributed-parameter model in every respect but one. The difference lies in the addition of a second tissue space of axial length L and volume V3 surrounding the first tissue space, which in turn surrounds the blood space. Tr acer can exchange between the two tissue spaces across a virtual second diffusion barrier, which, for our present application to the movement of labeled water in brain, we view as being a lumped represen tation of the actual distributed diffusive resistance in tissue. We explain our reasons for adopting this view in the Discussion. In the following derivation, we use notation anal ogous to that for the one-barrier model (see 4). For the three adjacent volume elements Aidz, i = 1,2,3 (see Fig. 1 ), the conservation conditions are ex pressed for 0 < Z ,,;:; Land t > 0 b� the . followi�g system of three simultaneous partml dlfferentlal equations:
These equations are subject to the initial and boundary conditions and clz, t = 0) = 0, i = 1,2,3 (25a)
The regions of definition for the solution of 24-25 are ci(z,t): Vi' 0 < Z ,,;:; Land t > 0, i = 1,2,3
In 24, the parameters P and S I are identical to the parameters P and S of the two-compartment and of the one-barrier distributed-parameter model. We have added a subscript to distinguish SI from S 2 ' which, for our two-barrier model, is an analogous parameter characterizing a hypothetical outer bar rier. As in the one-barrier case, we identify the inner site of diffusion resistance with the BBB. For reasons explained in the Discussion, however, we do not identify the site of the outer resistance or the extravascular-tissue subvolumes V 2 and V3 with any specific anatomical structures of the brain. In stead, we view the parameter group (DS 2 IR), which we call the "tissue conductance," as a determinant of radial tracer flux across a virtual surface exterior to S I and having an effective area S 2 ' The magni tude of this flux depends in our model on the value of a spatially distributed diffusion resistance in tissue characterized by a diffusivity D acting over an effective radial distance R. As with our one-bar rier model, we assume diffusion of water in brain to be radially isotropic, so that values of P and of (DIR) are the same for outward and for inward movement of tracer. Additionally, we have intro duced the parameter "'13' the thermodynamic-ac tivity coefficient of tracer (or of systemic sub stance) in the extravascular-tissue sub volume V3•
In 24 we have again stipulated thermodynamic-ac tivity difference, rather than concentration differ ence, as the driving force for diffusion. (See text following 4 for the significance of this stipulation.)
The excitation function for the system 24, or<t + O)oz(z + 0), is the same as for the one-barrier case in 3; the resulting solution set for 24-25 is then, by definition, the unit-impulse response.
For notational convenience, we recast 24 in the form
In the above, we define and where and 11 'Y2(PS)
We write the transport-parameter groups in the forms 32 and 33 because the individual parameters nowhere appear singly in our derived residue func tion, but instead invariably occur assembled as in dicated.
The unit-capillary residue function of the two barrier model is obtained by summing the volume integrals of the concentrations according to
We again apply two-dimensional Laplace transfor mations with respect to z and t to solve the system 26 for the three concentrations needed in 34. Our notation is a natural extension of that in 11. By ap plying the transformations to 26 and using 25, we obtain the following simultaneous algebraic system involving the two-dimensional transforms of the concentrations:
(A l s + Fp + K21) C 1(P,S) -K12 C 2(P,S) = 1 (35a) -K21 C 1(P,S) + (A2s + K22) C 2(P,S) -K23 C 3(P,S) = 0 (35b) -C 2(P,S) + (A3s + K23) C 3(P,S) = 0 (35c)
The solution set of the above is
(40) In the above, we define k32 It:. 'Y2<1>IV2, k23 It:. 'Y3<1>IV3; the remaining k ij and v are defined as for the one barrier model.
As with the one-barrier model, we calculate the residue function of our two-barrier model directly, skipping the intermediate step of finding the out flow function, i.e., the transit-time probability-den sity function, for which in any case we have no need in our residue-detection applications. Just as in the steps leading to 14, we perform the spatial integrations indicated in 34 merely by dividing the transforms 36 by the transform variable p, and then taking the inverse transform. By analogy with 14 we have, accordingly,
Putting 36 into the above, we get
which, after performing the indicated inner inverse transformation, gives On performing the inverse transformation indicated in 49, we get t qI V (t) = u(t) -rx orCt -tl) * 1 X\(T) * xzCT)dT (5 1) where (52a,b) are the inversions of 50. In 51 the asterisk denotes the convolution operation, i.e.,
X\(T)
We invert the transforms 50 by referring to 22, or to any of several published tables of Laplace-trans form pairs (Roberts and Kaufman, 1966; Oberhet tinger and Badii, 1973) , and write
in which the asterisk again denotes a convolution.
We have been unable to find an expression in closed form for qI V(t) analogous to those for qm(t);
our computer implementation of 55 evaluates the indicated integrals numerically. An external radiation detector contains in its field of view tracer not only in a capillary and its dependent tissue, but also, within the large vessels in the field, the tracer contained in the arterial and venous blood associated with that capillary. To ac count for radiation contributed by tracer in the large vessels, we model tracer transport in them in a way consistent with our assumptions for the asso ciated capillary-tissue unit. For the compartmental models, then, we assume compartmental mixing in the large vessels, and for the distributed-parameter models, we assume that plug flow prevails throughout. Results 1 and 2 for the compartmental models remain valid if we replace V I by Vb' the total blood volume in the detector field. Similarly, results 23 and 55 for the distributed-parameter models remain valid if we replace tl by tb, the vas cular mean-transit time across the detector field. In the sequel we assume that these replacements have been carried out for each class of model. This completes our derivations of the trial-model unit-impulse response functions and our statement of the assumptions on which they are based.
In Experimental Methods and in the Discussion we describe an empirical method we have devised (Eichling et aI., 1974; Raichle et aI., 1976; Raichle and Larson, 1981) for estimating the tracer ex tracted fraction E directly from the experimental residue-detection history without recourse to any model of tracer transport. A rationale for this tech nique on the basis of our two distributed-parameter models follows. On taking the right-hand limit of either residue function 23 or 55, we obtain E /1 lim qm(t) /1 lim qIV(t) = 1 -e -x (56)
As a result of the above limiting process, all param eters of the residue functions 23 or 55 vanish except for the dimensionless group X, defined by 19, or 46. In the above, we have introduced and defined the extracted fraction E. Note that both 23 and 55 lead to the same result (56), and, in particular, that nei ther the tissue thermodynamic-activity coefficients (and therefore the partition coefficients; see text following 3) nor the tissue-conductance parameter appear in that result. * Figure 2 shows the general shape exhibited by the unit-impulse responses of our two distributed-parameter models; Figs. 5 and 6 show some computed impulse responses fit to our experimental data. Note that at tb, the vascular mean-transit time, the residue functions fall abruptly from the value unity to the value E. This discontinuity reflects the exit of the unextracted tracer carried by plug flow from the detector field of view; the fraction extracted into the extravas cular space plus that remaining in vascular space up to time tb is just E. From t = 0 to tb, our distrib uted-parameter unit-impulse residue functions both have the constant value unity, reflecting the fact that an external detector cannot distinguish be tween tracer extracted into tissue and tracer in blood, but instead registers a counting rate propor tional to the total amount of tracer within its field of view.
EXPERIMENTAL METHODS
The experimental arrangement used in these studies is depicted schematically in Fig. 3 ; it has been described in detail previously by Te r-Pogossian et al . (1969) , Raichle et al . (1975) , and Raichle and Larson (1981) . * Note added in proof: Note also that 56 is fo rmally identical with the equation derived by Renkin (1959) and Crone (1963) on the basis of essentially the steady state counterpart of our model III.
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Hypothetical unit-impulse residue function for either of the two distributed-parameter models. From t = 0 to t = tb, the vascular mean-transit time, an external detector reg isters a constant response proportional to the total amount of tracer in the injected bolus and independent of its appor tionment between blood and tissue. At t = tb the unextracted tracer, carried out by flowing blood, exits the detector field. Just after this instant, the detector response reflects the amount of tracer still within its field. The fractional extracted amount at t = tb is denoted E. For t > tb, the detector re sponse continues to decline, but less abruptly, as tracer in tissue diffuses back into blood and is cleared from the field.
E is related to the model parameters according to 56.
Animal preparation
CBF and the extracted fr action of oxygen-15-labeled water were measured in fo ur adult rhesus monkeys (Ma caca mullata) by empirical techniques that we have de veloped previously (Ter-Pogossian et al., 1969; Eichling et al ., 1974; Raichle et al ., 1975 Raichle et al ., , 1976 and that are inde pendent of any of our present models. To ensure that the complete 0.2-ml volume of an injectant consisting of a small aliquot of the monkey's blood mixed with labeled water was deposited in its entirety into the internal ca rotid artery alone, the right external carotid artery was ligated at its origin from the common carotid artery. For this purpose, the monkeys were anesthetized with phen cyclidine (2 mg/kg) at least 2 weeks before each experi ment. At the time of the experiments, the monkeys were again anesthetized with phencyclidine (2 mg/kg), para lyzed with gallamine, intubated with a cuffed endotra cheal tube, and passively ventilated on 100% oxygen. The head of the monkey was then placed over a 3 x 2-in thallium-activated sodium iodide scintillation detector so collimated and positioned as to ensure essentially uni fo rm spatial-detection efficiency within a single cerebral hemisphere .
For the intracarotid injection of the 0.2-ml aliquots of oxygen-i5-labeled blood, a small (0 . 02l-cm) catheter was inserted percutaneously in the femoral artery and its tip moved with the help of a fluoroscope into the common carotid artery up to the origin of the now ligated external carotid artery. To prevent clotting in this arterial catheter, which was used not only for the injection of the labeled water but also for monitoring blood pressure and for sampling arterial blood, each animal was heparinized at the beginning of an experiment. Arterial pH and arterial carbon dioxide and oxygen partial pressures were mea sured before and after each injection of tracer. Oxygen-i5 was prepared for these studies in the Wa shington Univer sity Medical School cyclotron by deuteron bombardment of gaseous nitrogen (WeIch et al ., 1969) . 
3. Experimental arrangement. Cyclotron-produced ox ygen-1 5 is used to label water for injection into an internal carotid artery of a rhesus monkey. Radiation emanating from the animal's brain is monitored by an external scintillation detector. Signals from the detector are processed and col lected by a laboratory computer, which also provides timing information to form a counting-rate histogram representing the residual amount of trace r in brain as a function of time elapsed after tracer injection. See Experimental Methods for details.
Data collection
The signal from the single scintillation detector pro duced by the radiation from the intracarotid injection of oxygen-I5-labeled water was processed by a pulse-height discriminator with a 60-keV window symmetrically bracketing the positron-electron annihilation peak of ox ygen-I5 to reduce the effects of scattered radiation. The events accepted fr om the detector by the discriminator were processed in a small laboratory computer and stored in its memory in the form of the number of events detected within time intervals, or "bins ," of preassigned duration . The computer was programmed to correct for deadtime losses, for radioactive decay of oxygen-I5 (T V2 = 123 s), and for background counts . Te mporal re solu tion was enhanced in the initial portion of the recording by using short (O .I-s) time bins . Acceptable signal-to noise ratios for the data sequences were ensured by in jection of sufficient activity into the carotid artery to achieve peak counting rates of between 10,000 and 20,000 cps.
Data analysis
The high-temporal-resolution time-activity data se quences obtained fo llowing the intracarotid injection of an aliquot of oxygen-1 5-labeled blood ] were used to compute the global specific CBF. The technique used to compute CBF is based upon the well-established Central Volume Principle of tracer ki netics (Stephenson, 1948 (Stephenson, , 1958 Meier and Zierler, 1954 ; Zierler, 1963) . The details of our CBF technique have been published (Ter-Pogossian et al., 1969; Eichling et a! ., 1974 ; Raichle et a! ., 1975 Raichle et a! ., , 1976 ) and we shall not repeat 1 for details. It is apparent that the simulated residue curve 55 for the two-barrier dist ributed-parameter model IV re sembles the data more closely than the other three do , par ticularly for the initial 20 s of the data record.
them here . We give the re sults of our CBF measurements in Ta ble 1.
The global fraction E of oxygen-15-labeled water ex tracted by the brain during the first transit of the injected bolus was determined from the same residue sequences as used for the measurement of CBF. This single-injec tion, external-registration technique (Eichling et al ., 1974 ; Raichle et al ., 1976) uses the first 30 s of a residue-data record to compute E. As shown in Fig. 6 , E is obtained on a semilogarithmic plot fr om a straight-line fit by eye to the data points that correspond to the relatively slow clearance of labeled water from brain tissue . The fitted line is back-extrapolated to tp ' the time at which the data corded radioactivity following intracarotid injectio n of ox ygen-1 5-labeled water in a rhesus monkey. A straight li ne is fit by least-squares reg ression (or by eye) to the data points (filled circles) over the first 20 s (inset). Data shown are for CBF value above the normal range (Experiment 4, Table 1 ),
These initial points co r respo nd to the relatively slow clear ance of labeled wate r from tissue. The straight line is extrap olated back to tp' the time at which the peak counting rate A occurs, thereby determining the ordinate B. An estimate of the global extracted fractio n E is the n available as the ratio BIA, Le" E = BIA. A nonlinear least-squares fit of the residue functio n 55 of the two-barrier distributed-parameter model IV to the data is shown as the solid cu rve. The value of the global extracted fraction estimated using 56 on the basis of the model is indicated on the ordinate. The same data within each experiment are also used for estimating CBF on the basis of an empirical method not dependent on our prese nt models (see Expe rimental Methods), thus allowing indepe n dent determinatio n of global permeability-su rface-area product according to 19 or 46.
sequence attains its peak value , denoted by the ordinate A. The ordinate of the extrapolated line at tp is denoted B.
The global extracted fraction is then estimated as the ratio of the ordinates B and A, i.e. , E = BfA. As devel oped in detail by ourselves (Eichling et al ., 1974; Raichle et al. , 1975 Raichle et al. , , 1976 Raichle and Larson, 1981) and others (Sangren and Sheppard , 1953; Renkin, 1959; Crone , 1963) , the extracted fr action can be used along with the CBF computed from the same residue-data record to compute the BBB permeability-surface-area product for water. We can obtain the equation used for this purpose by the above authors in terms of our present notation for our two-barrier distributed-parameter model by dividing numerator and denominator of 19 or 46 by total tissue weight and solving for the global-average specific perme ability-surface-area product in the fo rm
Replacing E with BfA and putting the approximation 'VI = 1 into the above, we obtain (57) In 57 the subs cripted BE denotes back-extrapolation .
Ta ble 1 lists the values of permeability-surface-area products calculated using 57 and compares them with the estimates obtained from the fit of 55 to the data. In the Discussion we show that at an elapsed time of one vas cular mean-transit time , the behavior of each of our two distributed-parameter model dynamic residue fu nctions is consistent with the rationale of the above-described back-extrapolation technique , even though the latter is based on a model that assumes the tracer steady state (Sangren and Sheppard , 1953; Renkin, 1959; Crone , 1963) .
EXPERIMENTAL RESULTS
We have compared the predictions of our four trial models with our externally detected radio tracer data of high temporal resolution for the up take and clearance of oxygen-I5-labeled water in rhesus-monkey brain following bolus injection of the tracer into the internal carotid artery. These trial models, each of which represents a single cap illary-tissue unit, are (I) a quasi one-compartment (1), (ll) a two-compartment (2) , (III) a one-barrier distributed parameter (23); and (IV) a two-barrier distributed parameter (55). Graphical comparisons of our model simulations with each other and with our residue-detection data are given in Figs. 4-6, in which model simulations are represented as the solid curves , with the counting-rate histogram data shown as dots.
We did not use formal parameter-estimation methods to fit any of our four trial models to the data for the purpose of computing the simulation curves shown in Fig. 4 . Instead, we determined brain blood-flow permeabilities for radiolabeled water directly from the data using empirical tech niques that we had previously validated, imple mented, and described (Eichling et aI., 1974; Raichle et aI., 1975 Raichle et aI., , 1976 Raichle and Larson, 1981; see Experimental Methods) . Figure 4 thus shows in an impartial way the behavior of each of our four trial models when the same parameter values are used for all the simulations. Other pa rameters entering into the specification of the model simulations are vascular and extravascular volumes , tissue density, and volume of distribution; to these we assigned literature values (Eichling et al. , 1975 ; Herscovitch et al., 1983 ; Raichle et aI., 1983) for computing the simulation curves shown in Fig. 4 . The empirically measured values of the pa rameters we used for the simulation curves of the four trial models I-IV are listed in Ta ble 1. It can be seen that with empirical values for the param eters , the fit of model IV is better than those of the other three, particularly for the initial 20 s of the data record. For this reason, we undertook to use a statistical parameter-estimation technique, de scribed below, to fit the simulation curve of model IV to the data. Similar attempts to fit the other three models were completely unsuccessful; as ex amples of this for model I, see Figs. 7 and 8. The best-fit parameter estimates for model IV , the two barrier distributed parameter, are also listed in Ta ble 1; the model IV simulation curve corre sponding to the best-fit parameters for the normal flow case is shown in Fig. 5 , and that for an above normal case in Fig. 6 . Figure 5 is for model IV fit to a 60-s data record, while Fig. 6 shows a fit of that model to the first 9 s of data. The symbols for those parameters listed in Ta ble 1 that are extensive, that is , those whose values depend on the size of the externally monitored region (in this case, the entire organ) , are marked with a tilde. This signifies that the parameter values have been normalized to a specific tissue weight. Following accepted practice, the weight selected for this normalization is 1 hg. Accordingly, the affected parameters in Ta ble 1 are instantaneous counti ng rate with bolus input. Show n is a plot of 58. The quasi one-compartment model 1 is used to estimate CBF from external-detection counting-rate data ob tai ned in the rhesus monkey following carotid-artery injec tion of radiolabeled water (Experiment 1, Table 1 ). The ex perimental data are rep resented for this purpose by a weighted least-squares fit (see Experimental Results) of the two-barrie r dist ributed-parameter model 55. The apparent CBF as estimated by the one-compartment model varies markedly with increasing time, with a maximum of 1.67 times the known CBF at 18 s. Not until 127 s does the model CBF equal the known CBF, continuing increasingly to underesti mate it thereafter. denoted by the qualifier "specific" to signify that their values have been so normalized.
We obtained estimates of the parameters from the data on the two-barrier distributed-parameter integ rated counting rate with dispersed input . The integ ral of 1, the impulse-response residue function of the one-com partment model convolved with a simulated dispersed input (see Discussion), is used to estimate CBF from simulated positron-emi ssion tomog raphy (PET) data obtained by inte grating the convolut ion of the same simulated dispersed input with 55, the impulse-response residue function of the two-barrier distributed-parameter model. The effect of varying the known input CBF is shown. For a 1-mi n simu lated PET scan, the one-compartment model underestimates the known CBF by �8-50% for CBF values between 50 and 100 ml min -1 hg-1 . These results closely resemble outcomes in our laboratory when the quasi one-compartment model is used with PET to measure CBF in patients.
model by using weighted nonlinear least-squares approximation. For weights, we used reciprocals of the variance of the uncertainty in the data. To facili tate computation, we assumed the standard devia tions to be a fixed fraction ( � 10%) of the data value at any point. The minimization algorithm we em ployed is a modified version of Marquardt's method (1963) . Among the modifications we intro duced is provision for a variable stepsize at each iteration. The final parameter estimates differe d only slightly even though we used widely differing initial estimates for fitting the curves. Although we did not undertake a systematic search of the param eter space , we ran each case with at least three widely differing initial estimates; thus, it is likely that our results correspond to global minima. The low values attained by our algorithm for the stan dard deviations of the parameter estimates also suggest that our solutions are unique .
DISCUSSION
In this study we investigated four tracer-kinetic models for the measurement of CBF using PET. We began with I, the Kety quasi one compartment, be cause (a) at present it is the only one used to calcu late CBF from PET data and (b) it is the simplest conceivable of physiologically plausible mode ls. Our reasons for rejecting it are apparent in view of some typical results illustrated in Figs. 4, 7, and 8.
We proceeded next to test the two-compartment model (II) , and obtained the representative results shown in Fig. 4 . From these we concluded that II was no better than I, and so rejected it as we ll. Rec ognizing now that any multicompartment-model residue curve would exhibit the same initial rapid decline as II because of the instantaneous-disper sion assumption for the blood compartment, we de cided to abandon this class altogether. We next chose for investigation model III, a one-barrier dis tributed parameter, because of its added realism and because it incorporated no more parameters than model II. We rejected it too because of its failure adequately to represent the data as shown in Fig. 4 for a typical case . On testing model IV , a two-barrier distributed parameter, we found we had identified the minimal structural and physiological detail necessary to simulate our data with any ac ceptable degree of fidelity, as can be seen in Figs. 4-6.
In our experiments we chose to administer tracer via carotid-artery bolus injection to avoid any errors introduced by the arterial-blood-sampling procedures made necessary when intravenous ad ministration is used. Accordingly, the simulation No , 4, 1987 curves predicted by the models are unit-impulse re sponses for single capillary-tissue systems; that is, they represent dose-normalized residue curves for a single capillary-tissue tracer-exchange system fol lowing an idealized bolus input of inert tracer. Since the data shown in Figs. 4-6 were obtained by external detection for dose-normalized intracarotid bolus injections of radiolabeled water, they and the simulated unit-impulse re sp onses stand on a common footing for purposes of intercomparison. There are , however, at least five reasons (apart from trial-model inadequacies, which are what we seek to assess here) why comparisons of these data and the various simulations of them cannot be ex pe cted to agree more closely. Plausible explana tions that suggest themselves to us are (a) the actual injections are not ideal boluses, (b) furthe r disper sion in blood distal to the injection site can occur, (c) flow rates, blood and tissue volumes, and other relevant parameters are not in fact spatially homo geneous, (d) the re is a small amount of tracer recir culation, and (e) the re are fluctuations in the ob served count rates due to the nature of radioactive decay. Neverthe le ss, the differences in quality of fit to the data between the various simulations mani fest in Fig. 4 justify our identifying model IV , the two-barrier distributed parameter, as the physiolog ically most realistic from among the four candidates tried.
It is apparent from Fig. 4 that any attempt to es timate the parameters of models I, II, and III by curve fitting would fail, but that there could be rea sonable expectation of success for IV. We reached the same conclusion on examining the results for above-normal flows (illustrations omitted) . Accord ingly, we undertook to fit the residue function 55 of model IV to the data for a wide range of flow values as de scribed in Experimental Results. The out comes are given in Ta ble 1 for normal and above normal values of CBF , and are illustrated for normal-flow data in Fig. 5 and for above-normal in Fig. 6 . In the table we see that the parameter esti mates for flow agree well with our independent em pirical global me asurements (see Experimental Methods) . Figure 4 shows that when we inserted indepen dently measured empirical values (see Experi mental Methods) for parameters in common into the four functions 1, 2, 23 , and 55 to compute simu lation curves, only 55, that for the two-barrier dis tributed-parameter model, showed itself capable of generating a residue curve resembling the normal flow data record with acceptable fidelity over its entire duration. We reached the same conclusion with our data for above -normal flows, but for brevity we have omitted illustrations analogous to Fig. 4 for these data. In Fig. 4 , model curves I and II persist in remaining above the data, while model curve III remains below until � 30 s following the impUlse stimulus, whereupon it rises above. Model curve IV also begins to rise above the data at � 30 s, but before then it represents the data quite faith fully. In comparison with one another and with the data for labeled water in brain, the simulation curves in Fig. 4 have the very shapes one would expect intuitively from the modeling assumptions on which each is based. The two compartmental curves begin to fall immediately after the tracer stimuli are administered at t = 0, while the two dis tributed-parameter models begin their decline only when t > tb, after one vascular mean-transit time has elapsed. Since all compartmental models as sume that diffusion resistances are zero in the di rection of blood flow (and in all other directions as well) , they predict that egress of tracer at the venous outflow begins the instant it enters at the arterial inflow. In contrast, our two distributed-pa rameter models assume infinite diffusion resistance in the direction of blood flow and that tracer moves in that direction only by carriage in blood. Conse quently, tracer cannot leave the capillary-tissue unit until at least one vascular mean-transit time has elapsed. On the other hand, the one-compart ment curve does not fall steeply enough relative to the data because the assumed instant dispersal of tracer throughout the volume accessible to it re sults in a venous-exit concentration that is too low and therefore in a convective efflux rate that is too small. One might expect that because of the known permeability limitations of water in brain (Eichling et aI. , 1974; Raichle et aI ., 1976) , the two-compart ment model, which takes account of these, could adequately represent the observed residue history. However, the capillary-wall diffusion resistance built into this model results in most of the tracer bolus being confined initially to the relatively small vascular space. This, combined with the compart mental assumption of instant tracer dispersion, re sults in venous-exit concentrations that are too high and efflux rates that are too large with a consequent residue-curve fall-off that is too steep. Subse quently, tracer held in tissue cannot back-diffuse into blood rapidly enough because of the same bar rier resistance, and the fall-off of the curve is too shallow. Both of the distributed-parameter models represent the initial portion of the data up to about one vascular mean-transit time with the same fair degree of fidelity. Figure 4 shows that the two curves are identical for 0 < t < tb' In reality, of course, the vascular flow is characterized by a dis-tribution of transit times, resulting in a rounded peak at the maximum of the experimental residue data sequence, in contrast to the flat square-wave shape of our models III and IV with their sharply defined vascular transit times. For t > tb the two curves diverge markedly: The one-barrier distrib uted-parameter curve falls too slowly, remaining higher than the data points, while the two-barrier curve follows the points with remarkable fidelity. The explanation is that the outer barrier confines more of the tracer to the innermost tissue region during the uptake phase. This leads in turn to rela tively larger back-diffusion and convective-outflow fluxes during the washout phase. Thus, the two barrier curve falls more steeply than that of the one-barrier model, and in so doing closely tracks the data.
It would appear, then, that more radial diffusion resistance than that provided by the one-barrier model is required in a distributed-parameter model of the type we consider here for it to provide ade quate representation of water movements in rhesus monkey brain. The values relating to this resistance found by our parameter-estimation algorithm (see Experimental Results) in fitting the two-barrier dis tributed-parameter model to the data are listed in Table 1 under the column heading "Specific tissue conductance. " These values are smaller by factors of three to nine than the values found for the inner barrier listed in Ta ble 1 under "Specific capillary P S product. " Since the total neuronal-and glial cell-membrane surface area greatly exceeds that of the brain-capillary endothelium, it seems to us un likely that values so low as these could represent permeability-surface-area products in the same sense as this concept is commonly understood for the BBB or for other cellular membranes. On the other hand, as discussed above, some additional outer diffusion resistance is required for our distrib uted-parameter models to adequately represent the data for labeled-water movement in brain. In view of these considerations, we have retained the as sumption of an outer diffusive resistance for our second distributed-parameter trial model, but view it as being spatially distributed and not associated with any particular anatomic structure. Thus, we regard our "tissue-conductance" parameter <P (see 33) to be a lumped representation of a hypothetical radially distributed diffusive conductance. Since this parameter is not associated in our model with any specific semipermeable membrane or perme ation barrier, it is not strictly appropriate to refer to the model as a "two-barrier" one; we call it instead a "modified two-barrier model. " The estimates of <P given in Table 1 show an apparent correlation with flow; we are unable to give a plausible physio logical explanation for this.
So far as we know, all dynamic tracer methods for measuring CBF in patients with PET have been based on the Kety quasi one-compartment model (1951) , as expressed by 1 with n = 2 (Huang et aI. , 1982 (Huang et aI. , , 1983 Herscovitch et aI. , 1983 ; Raichle et aI ., 1983 ; Carson et aI. , 1986) . Raichle et ai. (1983) stress that the resulting values for CBF exhibit a decline when data-collection times exceed 1 min. In a different experimental context, this phenomenon was also noted by EklOf et aI. (1974) , who applied a direct tissue-sampling technique for measuring CBF in the rat. Also invoking model I, the quasi one-compartment 1, to interpret their data, they observed a diminishing apparent CBF as the tissue sampling interval was increased incrementally within a range of 30-120 s after tracer administra tion. We call this observation here the "Falling Flow Phenomenon. "
The implications of the Falling-Flow Phenom enon for CBF measurements are plain. Raichle et ai. (1983) admonish investigators to complete their data collection within 1 min after tracer delivery if they are to expect accurate results. Clearly, this imposes a statistical limitation because it compels investigators to discard large amounts of potentially useful information and requires tomographic systems capable of rapid data acquisition.
Possible explanations for the Falling-Flow Phe nomenon have been discussed by Ekl6f et ai. (1974) and by Raichle et ai. (1983) . Among the possibilities cited, but ruled out, are (a) differences between ex perimental techniques, (b) differences in permeabi lities of the tracers used, and (c) tissue-heteroge neity effects. We believe that we now understand the cause of the Falling-Flow Phenomenon for mea surement of CBF. The explanation must be that it is inappropriate to apply the quasi one-compartment model to interpret CBF residue-detection data simply because the assumptions of that model are inconsistent with the physiological factors gov erning transport of water in brain. Figure 4 shows that the quasi one-compartment simulation curve, although computed using independently deter mined values (see Experimental Methods) of blood flow and distribution volume, is not a good repre sentation of the observed count-rate data. On the other hand, the two-barrier distributed-parameter model, also computed using the same empirically determined parameter values, appears to emulate the data quite satisfactorily. Significantly, the pa rameter estimates-including that for CBF-ob tained by fitting this model to the data agree quite J Cereb Blood Flow Melab, Vol. 7, No . 4, 1987 well with the independent empirically measured values (Table 1) .
We demonstrate the apparent inability of the quasi one-compartment trial model to account for the movement of radiolabeled water in brain by using it, after the manner of the above-cited au thors, to estimate blood flow from the count-rate data shown in Fig. 4 . The fit of the two-barrier dis tributed-parameter model function 55 to the data represents it well enough to allow us, for conve nience, to use the best-fit function values in place of the individual data points. Anticipating that the Kety quasi one-compartment model flow computed in this manner will vary with time, we first replace the flow in 1, F, by the function F K(t) . Equating 1 and 55, solving for F K(t) , and dividing by F, we ob tain (58) In 58 F is the estimate of flow previously obtained by fitting 55 to the data and Vd £. 2:7 = 1 l'Y i is the volume of distribution. The above function, evalu ated using the parameter estimates for Experiment 1, Ta ble 1, is plotted in Fig. 7 . It is evident that in this experiment the quasi one-compartment model did not perform adequately. From a maximum of 1.67 times the measured flow at 18 s, its apparent flow fell steadily; not until 127 s did the apparent flow equal the measured flow.
We provide a further demonstration of the ap parent inadequacy of the quasi one-compartment model for brain-blood flow measurement by using it to attempt to estimate flow from simulated PET data. We again use the two-barrier distributed-pa rameter model to generate the simulated data be cause it appears to represent carotid-artery bolus injection single-probe data satisfactorily, as shown in Figs. 5 and 6. To generate the simulated PET data, we convolved the idealized tracer-input flux (Herscovitch et aI. , 1983) <!>(t) = 100Fte -1/10 , t � 0 (in which t is in units of seconds) with 55, the two barrier distributed-parameter function. Except for the arbitrarily chosen flows, the parameter values we used are those shown in Experiment 1, Ta ble 1.
To simulate a record of accumulated PET counts, we then integrated the result numerically with re spect to time on the interval (O,t). Next, we con volved the above input flux with the quasi one compartment impulse response 1 and integrated the result analytically on (O,t), thus obtaining a one compartment function purporting to represent the same simulated PET data as that generated using the two-barrier distributed-parameter model. Fi nally, we equated the two PET-data representa tions, and by an iterative method solved the re sulting equation for the Kety quasi one-compart ment flow F x<t) for the various arbitrarily chosen values of F. The resulting time-varying values of the ratio F K( t)fF for various assignments of Fa re shown in Fig. 8 . As with the bolus-injection data discussed above, the quasi one-compartment model performs inadequately when it is used to estimate CBF from simulated PET data. As expected, at low flows the one-compartment values do not deviate significantly from the known values, but for flows of 50 ml min -I hg -1 or higher, the quasi one-com partment model returns underestimates that be come progressively more severe with increasing flow. For a I-min scan, the underestimation ranges from �8 to �50% for CBF values between 50 and 150 ml min-I hg -I.
We conclude that whenever the Falling-Flow Phenomenon manifests itself, the Kety one-com partment model cannot be used with confidence to measure CBF. We are unable to predict the out come for studies with alternative models for inter preting dynamic tracer data, but since our present model IV appears to explain the observed effects of labeled-water movements in a mammalian brain, we plan to explore its potential utility with PET for measuring CBF and other parameters of neuro physiologic interest.
We close with a short discussion of the insight our distributed models give into our empirical method of measuring permeability -surface-area product (Eichling et aI., 1974; Raichle et aI ., 1976) . Bohr (1909) , Sangren and Sheppard (1953) , Renkin (1959) , and Crone (1963) have developed a steady state single-capillary-tissue model for unidirectional extraction into tissue of tracer carried in by blood. The fraction E of the steady-state tracer-input flux into the capillary that is extracted into tissue is given on the model described in these studies (in terms of our present symbols) by
In spite of the steady-state assumption central to the derivation of 59, Eichling et al. (1974) , Raichle et al. (1976) , Phelps et al. (1977) , Raichle and Larson (1981) , and others have not hesitated to use it to interpret their residue-detection data from dy namic experiments in which the tracer steady state never prevails. Justification for this can be based partly on criteria developed by Bassingthwaighte (1974) , who tested the validity of 59 for outflow-de tection experiments against simulations using a more general distributed-parameter unit-capillary model. Earlier, Levitt (1970a,b) had shown, on a model similar to our one-barrier distributed-param eter model, that 59 is valid for dynamic outflow-de tection measurements at the venous end of a single capillary-tissue cylinder if E is defined as the rela tive arteriovenous-concentration difference at t I ' the capillary-blood mean-transit time. But since capillary outflows are ordinarily inaccessible for measurement of tracer-concentration history, it is clear that Levitt's result can be applied only ap proximately. With residue detection, however, cir cumstances are more felicitous. If the tail of the residue history is extrapolated back to the time t p at which the count rate peaks, then an estimate of E is available. This estimate is the ratio of the ordinate of the back-extrapolated tail at t p to the peak count rate (Eichling et aI ., 1974; Raichle et aI., 1976) . We call this procedure here the "Back-Extrapolation Method" (BEM) for measuring the tracer extrac tion fraction. The common limiting form 56 of our two distributed-parameter models shows why the steady-state result 59 should be valid for use with dynamic tracer data. Figure 2 and 56 show the ex tracted fraction E as a salient feature of both their residue-function impulse responses. In Fig. 6 , we observe that the BEM is plausible experimentally: A semilogarithmic linear extrapolation of the tail of the residue history back to t p provides an estimate of E, even though the tail portion of the curve is not strictly an exponential function of time. As seen in Fig. 6 , the ordinate values for the ratio BfA and for the extracted fraction E are very nearly the same numerically. This correspondence between BfA and E is merely a mathematical consequence of 56. The BEM, then, can provide an estimate of E from dy namic residue-detection data recorded with ade quate temporal resolution.
